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A ﬁnite element approximation is used to study the stability of steady-state solutions and the erratic
behavior that is present in a problem of heat conduction through an elastic rod that may come into contact
with a rigid wall. The quasi-static fully coupled theory of linear thermoelasticity is assumed and a heat
exchange coeﬃcient that depends on the pressure and the gap size is imposed across the region of contact.
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1. Introduction
It was observed by Barber [1], that for certain thermoelastic contact problems, the assumption
of perfect thermal insulation when there is no contact and perfect thermal contact otherwise leads
to the nonexistence of steady-state solutions. For this reason, Barber et al. [2] suggested the ex-
istence of a gap size and pressure dependent thermal resistance R to heat ﬂow across the region of
contact. Under this assumption, Barber et al. [2] and Pelesko [3] have found that, for a one-
dimensional rod that may come into contact with a rigid wall, multiple steady-state solutions can* Corresponding author. Tel.: +55-220-8854; fax: +55-220-8022.
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324 M.I.M. Copetti, D.A. French / Appl. Math. Modelling 28 (2004) 323–332exist, some of which are stable and other unstable if the semi-coupled theory of thermoelasticity is
valid.
The existence of more than one steady-state solution for the problem of heat transfer across the
walls of a duplex tube was used by Srinivasan and France [4] to explain an apparently erratic heat
transfer performance in a steam generator.
Contact problems are often solved using the semi-coupled theory which supposes that the
temperature ﬁeld does not depend on the stress and displacement ﬁelds. In this case, the tem-
perature distribution is ﬁrst computed by solving the heat equation and then used to determine the
displacements. However, as explained by Carter and Booker [5] this assumption is not always
satisfactory.
The purpose of this work is to investigate numerically the stability of steady-state solutions
considering the fully coupled theory of thermoelasticity. In Section 2, we state the continuous
problem and introduce a full set of material constants, and a standard nondimensionalization. In
Section 3, we present the stability results of Barber et al. [2] and Pelesko [3]. The numerical
method is discussed in Section 4. In Section 5 we describe two numerical simulations. In the ﬁrst
we explore the stability of steady-state solutions. In the second we present an example which
shows the erratic behavior that is present in this problem; a small term representing noise incites a
dramatic change in behavior.2. Continuous problem
In this section we specify the mathematical model, write down a set of material parameters, and
nondimensionalize the equations. We consider the longitudinal deformations of a one-dimen-
sional homogeneous elastic rod that in its undeformed and stress-free state has the constant
temperature T0 and occupies the interval ½0; L. At its left end the rod is ﬁxed to a wall at tem-
perature TL while the right end is free to expand or contract and may come into contact with a
rigid wall at distance ~g and temperature TR. It is assumed that the deformations are due to thermal
eﬀects. Under the regime of linear thermoelasticity (see [6,7]) the governing equations for the
temperature distribution ~hð~x;~tÞ and elastic displacement ~uð~x;~tÞ inside the rod consist of the
equation for heat conduction coupled to the displacement equationqCp
o~h
o~t
 K o
2~h
o~x2
¼ aT0ð3kþ 2lÞ o
2~u
o~xo~t
;
o~r
o~x
¼ 0;where ~r ¼ ðkþ 2lÞo~u=o~x að3kþ 2lÞ~h is the stress and q, Cp, K, a, k and l are positive constants
related to the rod material. We have neglected the acceleration term in the second equation and
are, thus, assuming that the quasi-static theory is valid. These equations are supplemented by
initial conditions~hð~x; 0Þ ¼ TL þ T0h0ð~xÞ; ~uð~x; 0Þ ¼ 0;
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and, at the free edge, the stress is compressive and the rod cannot penetrate the wall~rðL;~tÞ6 0; ~uðL;~tÞ6 ~g; ~rðL;~tÞð~uðL;~tÞ  ~gÞ ¼ 0:
The heat exchange between the rod and the rigid wall is, according to Fouriers law,eR o~h
o~x
ðL;~tÞ ¼ ~hðL;~tÞ  TR;where eR is a function which will depend on the gap and the pressure at the right end. We introduce
the following, standard [8], change of variables to set the problem in a simpler nondimensional form:h ¼
~h TL
T0
; ~u ¼ dLu; ~t ¼ tct; ~x ¼ Lx;
~g ¼ dLg; ~r ¼ rcdr; eR ¼ LR;
with d ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃqCpT0=ðkþ 2lÞp , tc ¼ qCpL2=K, and rc ¼ kþ 2l. We consider L, tc, rc, and T0 to be
characteristic dimensions. The system of equations becomesht  hxx ¼ auxt; 0 < x < 1; t > 0;
rx ¼ 0; 0 < x < 1; t > 0;where r ¼ ux  ah, with initial conditions
hðx; 0Þ ¼ h0ðxÞ; uðx; 0Þ ¼ 0; 0 < x < 1;and boundary conditionshð0; tÞ ¼ 0; uð0; tÞ ¼ 0; Rhxð1; tÞ ¼ hR  hð1; tÞ; t > 0;
rð1; tÞ6 0; uð1; tÞ6 g; rð1; tÞðuð1; tÞ  gÞ ¼ 0; t > 0:The nondimensional constants area ¼ að3kþ 2lÞd
qCp
; hR ¼ TR  TLT0 :
Using the material constants from the table of values we ﬁnd thatd ¼ 6:4 102; a ¼ 6:8 102; and g ¼ 2:8 102:
Note that hR ¼ Oð1Þ since we will take TR ﬃ T0. A simpliﬁcation that is often made (which we
do not use here) is to uncouple the equations for the temperature and the displacement by
omitting the term auxt. This is called the semi-coupled approach. We took K, a, k, E, and r from [9]
and q from [7]. We estimated Cp from k, K, and q starting with the equation for diﬀusivity;
k ¼ K=ðqCpÞ. Recall that 1 GPa¼ 1 · 109 Nm2¼ 1 · 109 kgm1 s2. We determined k and l fromk ¼ Erð1þ rÞð1 2rÞ and l ¼
E
2ð1þ rÞ :
Table 1
Material constants
Constant Name Value
q Density 2.75· 103 kgm3
Cp Speciﬁc heat 1 · 103 m2 s2 C1
K Thermal conductivity 173 kgm s3 C1
k Lame coeﬃcient 26 GPa
l Lame coeﬃcient 27 GPa
k Thermal diﬀusivity 67 · 106 m2 s1
~g Gap 1 · 104 m
E Youngs modulus 72 GPa
r Poissons ratio 0.32
L Bar length 5.5· 102 m
TL Left temperature 0 C
a Thermal expansion 2.2 · 105 C1
T0 Ambient temperature 120 C
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function of the stress and expansion at the right end of the rod. Note that the values for K, qCp, E,
r, and a have been taken directly from Barber and Zhangs constants for aluminum (see [9,
p. 695]). Their temperatures are in the range 0–400 C as are ours. Our bar length L is slightly
shorter than theirs which is around 0.3 m.
We now discuss the deﬁnition of the R-function. Our development is similar to the one in [2,3].
Noting that r is a constant with respect to x letR ¼ RðgÞ and gðtÞ ¼ rðtÞ þ g  uð1; tÞ:
Note that if g < 0 then we have contact (r < 0 and uð1; tÞ ¼ g) while if g > 0 we have separation
(r ¼ 0 and uð1; tÞ < g). We will also ﬁnd it useful to reformulate R in terms of a function FF ðgÞ ¼ 1
1þ RðgÞ :Generally F will be a decreasing function and it will take on values that are Oð1Þ.3. Stability considerations
In this section we summarize some of the results obtained by Barber et al. [2] and Pelesko [3] on
the stability of steady-state solutions.
The solution to the associated steady-state problemh^xx ¼ 0; u^xx ¼ ah^x; h^ð0Þ ¼ 0; Rh^xð1Þ ¼ hR  h^ð1Þ;
u^ð0Þ ¼ 0; r^6 0; u^ð1Þ6 g; r^ðu^ð1Þ  gÞ ¼ 0;is h^ðxÞ ¼ Ax, u^ðxÞ ¼ aAx2=2þ r^x, where r^ ¼ u^xð1Þ  ah^ð1Þ and A ¼ hR=ð1þ RÞ. Noting that
g^ ¼ r^þ g  u^ð1Þ ¼ g  0:5aA we ﬁnd that g^ solves the equation
M.I.M. Copetti, D.A. French / Appl. Math. Modelling 28 (2004) 323–332 327 2ðg^ gÞ
ahR
¼ 1
1þ Rðg^Þ ¼ F ðg^Þ: ð1ÞSince F is typically decreasing Eq. (1) has at least one solution. Moreover, if hR is large (or small)
enough, then this solution is unique. A thermal resistance curve obtained from experimental data
is presented in [4,9]. In Fig. 1, the function F ðgÞ þ 2ðg gÞ=ahR is plotted for three values of hR;
hR ¼ 1:59, 1.6 and 1.61. In the region where g < 0 ðg > 0Þ contact (separation) between the rod
and the wall is observed.
Now suppose that g^ ¼ 0 solves Eq. (1). By performing a linear analysis and considering valid
the semi-coupled theory, Barber et al. [2] have found that the elastic system undergoes a bifur-
cation from a linearly stable steady-state to multiple steady-states with alternating stability. They
concluded in [2] that g^ ¼ 0 gives rise to a stable solution if and only ifF 0ð0ÞP  2
ahR
or R0ð0Þ6 ahR
2g2
:Further, if this condition is not satisﬁed, Eq. (1) has two other stable solutions. We refer also to
the work of Pelesko [3] where the results of Barber et al. are veriﬁed through a nonlinear analysis.
In Section 5 we will display the results of computations that provide evidence supporting these
statements on stability.–.02 –.01 0 .01 .02
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Fig. 1. A plot of F ðgÞ þ 2ðg gÞ=ahR vs. g for hR ¼ 1:59, 1.6 and 1.61 when F ðgÞ ¼ 0:5ð1 tanhð36gÞÞ.
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In this section we describe our ﬁnite element approximation procedure. It was shown by
Andrews et al. [8] that the quasi-static problem decouples and can be formulated in terms of h
only. The resulting initial-boundary value problem for the temperature isð1þ a2Þht  hxx ¼ a d
dt
max a
Z 1
0
hðx; tÞdx

 g; 0

;
hð0; tÞ ¼ 0; Rhxð1; tÞ ¼ hR  hð1; tÞ; hðx; 0Þ ¼ h0ðxÞ
with the displacement given byuðx; tÞ ¼ xmax a
Z 1
0
hðx; tÞdx

 g; 0

þ a
Z x
0
hðn; tÞdnand the stress byrðx; tÞ ¼ rðtÞ ¼ max a
Z 1
0
hðx; tÞdx

 g; 0

:The existence and uniqueness of a strong solution to the contact problem when kðÞ ¼ 1=RðÞ is a
function of gðtÞ, k 2 C1ðRÞ, follows from the work of Andrews et al. [8].
For the spatial discretization we let ShE denote the space of continuous piecewise linear functions
deﬁned on a uniform partition of the interval ½0; 1 into subintervals Ij ¼ ðxj1; xjÞ of length
h ¼ 1=s, with 0 ¼ x0 < x1 <    < xs ¼ 1, that are equal to zero at x ¼ 0. Using a semi-implicit
Euler method to discretize time the problem which deﬁnes our numerical method is to ﬁnd a
sequence of approximations fHngNn¼0 2 ShE such thatð1þ a2Þ H
n Hn1
Dt
; v
 
þ oH
n
ox
;
ov
ox
 
þ kðCn1ÞðHn1ð1; Þ  hRÞvð1Þ
¼ a ½C
nþ  ½Cn1þ
Dt
; v
 
8v 2 ShE; ð2Þwhere ðv;wÞ ¼ R 1
0
vðxÞwðxÞdx, Cn ¼ að1;HnÞ  g, ½vþ ¼ maxfv; 0g and Dt ¼ T=N . At each time
step, the solution of Eq. (2) involves a nonlinear system of algebraic equations that was solved
using the iterative procedureð1þ a2ÞðHnl ; vÞ þ Dt
oHnl
ox
;
ov
ox
 
þ DtkðCn1ÞðHn1ð1; Þ  hRÞvð1Þ
¼ ð1þ a2ÞðHn1; vÞ þ að½Cnl1þ  ½Cn1þ; vÞ;with Cnl1 ¼ að1;Hnl1Þ  g. The initial guess toHn wasHn1 andH0 was the interpolant of h0. This
numerical scheme was used and analysed in the paper by Copetti [10] for a similar problem but
with k constant.
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In this section we present the results of some numerical experiments. We ﬁrst will examine the
stability and bifurcation issues discussed in Section 3. We then show the results of some com-
putations that reveal a possible mechanism for the ‘‘erratic behavior’’ sometimes attributed to this
problem.
5.1. Stability issues
We examine a situation much like the one in [3]. Let F ðgÞ ¼ 0:5ð1 tanhðQgÞÞ and note that
g^ ¼ 0 solves Eq. (1) if and only if hR ¼ 1:6. The condition for stability becomes F 0ð0ÞP17:857.
Thus, our equations are very much like those in [3] except we are handling the quasi-static instead
of semi-coupled case.
First, we investigated the convergence to the steady-state solution when the above condition for
stability is satisﬁed. We took Q ¼ 34 and initial condition h0ðxÞ ¼ 0:5 sin 0:75px and the stable
solution obtained is that given by g^ ¼ 0, which is the so-called imperfect contact (r^ ¼ 0 and0
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Fig. 2. The evolution in time of the temperature and the displacement when there is only one steady-state solution
(Q ¼ 34).
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to the steady-state which provides evidence that this state is stable.
Next we performed two experiments with Q ¼ 36. In this case, Eq. (1) has three solutions
g^ ¼ 0:00430675, 0, 0.00430675, which correspond to three steady-state temperatures h^ ¼ Ax with
A ¼ 0:923, 0.8, 0.6769, respectively. The results of Barber et al. [2] predict that h^ ¼ 0:8xðg^ ¼ 0Þ is
unstable and that the other solutions are stable. In the ﬁrst experiment, we took h0ðxÞ ¼
0:801xðg ¼ 3:5 105Þ to be a small perturbation of the steady-state h0ðxÞ ¼ 0:8x. The evolution
of the system was towards the steady-state given by g^ ¼ 0:00430675 and contact between the rod
and the wall was observed for all times.
In the second experiment with Q ¼ 36 we took h0ðxÞ ¼ 0:799xðg ¼ 3:5 105Þ and the system
evolved towards the steady-state given by g^ ¼ 0:00430675. In this case, there was no contact with
the obstacle and at t ¼ 1000, uð1Þ  0:023693 as expected.
These two experiments indicate that the solution corresponding to g^ ¼ 0 is unstable. Also, they
show that small variations in g ¼ 0 can lead to conﬁgurations corresponding to either contact or
separation between the rod and the wall, with distinct temperature distributions. Finally, we ran
some experiments with the initial temperatures being perturbations of the steady-states temper-
atures associated to g^ ¼ 0:00430675 and g^ ¼ 0:00430675 and the results obtained indicate that
these steady-states are stable.–.02 0 .02 .04
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R
Fig. 3. The resistance function used to investigate the erratic behavior.
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In Srinivasan and France [4] the erratic behavior of these problems is discussed in the context of
superheaters in a steam generator system. In the computation in this section we provide an ex-
ample of how small variations in the heat transfer function could lead to dramatic changes in the
behavior of the system. The example we provide is somewhat contrived but still ﬁts the framework
very well.
Let F be deﬁned byF ðgÞ ¼
1
1þRð0Þ ; g6 g  ahH2ð1þRð0ÞÞ ;
 2ðggÞahH ; g 
ahH
2ð1þRð0ÞÞ < g6 0:999g;
0:002g
ahH
; gP 0:999g
8><>:
with Rð0Þ ¼ 1 and hH ¼ 0:16. Although this F (and hence R) seems contrived note that the graph
of g vs RðgÞ (Fig. 3) is very similar to Fig. 2 in [4, p. 258]. Thus, if hR ¼ hH, there are an inﬁnite
number of steady-state solutions; otherwise, there exists only one stationary solution. Taking
hR ¼ hH=ð1þ Þ, we ﬁnd that when  > 0ð < 0Þ, at the steady-state, separation (contact) is ob-
served with g^ ’ gðg^ ’ 0Þ. So, we can take  as small as desired but still end up with completely
diﬀerent long-time behavior.0 2000 4000 6000 8000 10000
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Fig. 4. The time evolution of the displacement at x ¼ 1 for two values of the noise.
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hH
1 ; t6 500 or tP 4500;
hH
1þ ; 500 < t < 4500
(
with  > 0, small. As expected, we observed that the solution u changes from a state with contact
to a state with separation. However, from the simulations we inferred that as  decreases, this
process takes place under larger time scales. In Fig. 4 the displacement of the free end is plotted
against time for  ¼ 0:01 and  ¼ 0:001. SinceChange in output
Change in inputðÞ ﬃ
0:028

m! þ1 as  ! 0we have an unstable situation. Diﬀerent outcomes, separation or contact, are possible and depend
only on the ‘‘noise’’ (value of ).
The computations were done with h ¼ 0:01 and time step Dt ¼ 0:0001, in all experiments, ex-
cept the last two where Dt ¼ 0:01: Tolerance TOL ¼ 1 107 was used to stop the iterative pro-
cess; usually 2–4 iterations were needed on each time step.References
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